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2 2 KZ
$P^{1}$ $n$
$( P^{1})_{*}^{n}=\{(z_{1}, \ldots, z_{n})\in\frac{P^{1}\cross\cdots\cross P^{1}}{n(E}|z_{i}\neq z_{j}(i\neq j)\}$
(1)
$dW=$ $( \sum_{i<j}$ Xijd $\log(z_{i}-Zj))W$ (2)
. $X_{ij}$ $X_{ij}=X_{ji},$ $[X_{ij}, X_{kl}]=0(\#\{i,j, k, l\}=4)$ ,
$[X_{ij}+X_{jk}, X_{ik}]=0$ $(\#\{i,j, k\}=3)$ , $\forall i$ , $\sum_{j}X_{ij}=0$
. PGL(2, C) ,
$\mathcal{M}_{0_{r}n}=$ PGL $($ 2, $C)\backslash (P^{1})_{*}^{n}$ .
$n=5$ . 3 $z_{1}=0,$ $z_{3}=1,$ $z_{5}=\infty$ , $z_{2}=z,$ $z_{4}=$ ,
$X_{12}=X_{0},$ $X_{23}=X_{1},$ $X_{45}=Y_{0},$ $X_{34}=Y_{1},$ $X_{24}=Z$ , $X_{0},$ $X_{1},$ $Y_{0},$ $Y_{1},$ $Z$
$z,$ $w$ 2
$dG=\Omega G$ , (3)
$\Omega=\frac{dz}{z}X_{0}+\frac{dz}{1-z}X_{1}+\frac{dw}{w}Y_{0}+\frac{dw}{1-w}Y_{1}+\frac{d(zw)}{1-zw}Z$ (4)
. $X=P^{1}\cross P^{1}$ $D=\{z=0,1, \infty\}\cup\{w=0,1, \infty\}\cup\{zw=1\}$
, $(z, w)=(0,0),$ $(1,0),$ $(0,1)$
. (
).
1. (3) $\Omega\wedge\Omega=0$ .
$\{\begin{array}{l}[X_{0}, Y_{0}]=[X_{1}, Y_{0}]=[X_{0}, Y_{1}]=0[X_{1}, Y_{1}]=[-X_{1}, Z]=[Y_{1}, Z]=[-X_{0}+Y_{0}, Z]\end{array}$ (5)
3 Lie ,
, Lie $X_{0},$ $X_{1}$ , $Y_{0}$ , $Y_{1}$ , $Z$ $C$ Lie
$C\{X_{0},$ $X_{1},$ $Y_{0},$ $Y_{1},$ $Z\}$ (5) Lie , $\mathcal{U}(X)$ .
$X$ Lie , $\mathcal{U}(X)$ $(\mathcal{U}(X)$
).
$X$ Lie $se_{zw}$ (resp. $X_{z}$ ) $X_{0},$ $X_{1},$ $Z$ (resp. $X_{0},$ $X_{1}$ ) .
$\{X_{0}, X_{1}, Z\}$ , Lie . ,
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$X_{wz}$ (resp. $X_{w}$ ) $Y_{0},$ $Y_{1},$ $Z$ (resp. $Y_{0},$ $Y_{1}$ ) . Lie
. ,
$\text{ _{}zw}=C\{X_{0},$ $X_{1},$ $Z\}$ , $x_{z}=C\{X_{0},$ $X_{1}\}$ ,
$X_{wz}=C\{Y_{0}, Y_{1}, Z\}$ , $X_{w}=C\{Y_{0}, Y_{1}\}$ . (6)
$\mathfrak{U}=X,$ $X_{zw},$ $X_{z},$ $X_{wz},$ $X_{w}$ , $\mathcal{U}(\mathfrak{U})$ $\mathfrak{U}$ , $\mathcal{U}_{s}(\mathfrak{U})$
$s$ . , $\mathcal{W}(\mathfrak{U})$ $\mathcal{U}(\mathfrak{U})$ , $\mathcal{W}^{0}(\mathfrak{U})$ $X_{0},$ $Y_{0}$ $\mathcal{U}(\mathfrak{U})$
, $\mathcal{W}_{s}(\mathfrak{U})=\mathcal{W}(\mathfrak{U})\cap \mathcal{U}_{s}(\mathfrak{U}),$ $\mathcal{W}_{s}^{0}(\mathfrak{U})=\mathcal{W}^{0}(\mathfrak{U})\cap \mathcal{U}_{s}(\mathfrak{U})$ .
, .
2($\mathcal{U}(X)$ ). (i) Lie .
$[-\mathfrak{T}_{wz’\sim}\mathfrak{T}_{z}]\subset \mathfrak{T}_{wz}$ , [ zw’ $\sim \mathfrak{T}_{w}$ ] $\subset_{\sim}\mathfrak{T}_{zw}$ . (7)
(ii) .
$=X_{wz}\oplus X_{z}=X_{zw}\oplus X_{w}$ , (8)
$\mathcal{U}(X)=\mathcal{U}(X_{wz})\otimes \mathcal{U}(X_{z})=\mathcal{U}(X_{zw})\otimes \mathcal{U}(X_{w})$ , (9)
, $\{W_{1}W_{2}|W_{1}\in \mathcal{W}(X_{wz}), Tl_{2}^{\gamma}\in \mathcal{W}(X_{z})\}$ , $\{M^{r_{1}}W_{2}|W_{1}\in \mathcal{W}(-\mathfrak{T}_{zw}),$ $W_{2}\in$
$\mathcal{W}(X_{w})\}$ $\mathcal{U}$ ( ) .
, X $D$ 1 $\Omega$
$\Omega=\frac{dz}{z}X_{0}+\frac{dz}{1-z}X_{1}+\frac{dw}{w}Y_{0}+\frac{d_{1D}}{1-w}Y_{1}+\frac{d(zw)}{1-zw}Z$ $\in\Omega_{x}^{1}(\log D\grave{)}\otimes$ (10)
( $\Omega_{x}^{1}(\log D)$ X $D$ 1 ),
$dG=\Omega G$ (11)
2 KZ . 2 KZ 1
, $\tilde{\mathcal{U}}(-\mathfrak{T})$ ( $=\mathcal{U}(-\mathfrak{T})$ ) X– $D$
.
4 :reduced bar
2 KZ (11) . 2





Chen reduced bar ([Cl], [H], [B]) .
$A=\{\xi_{0}, \xi_{1}, \eta_{0}, \eta_{1}, \zeta\}$ $S(A)=C\{A\rangle_{t1l}$ .
$S(A)$ ( ) $\circ$ , $u!$ . . $S(A)$
$S(A)=\oplus_{s=0}^{\infty}S_{8}(A)$ . $S_{1}(A)$
$\xi_{0}=\frac{dz}{z},$ $\xi_{1}=\frac{dz}{1-z},$ $\eta_{0}=\frac{dw}{w},$ $\eta_{1}=\frac{dw}{1-w},$ $\zeta=\frac{d(zw)}{1-zw}$ (12)
$\Omega_{x}^{1}(\log D)$ , $S(A)$ .
$\varphi=\sum_{I=\{i_{1},..t_{s}\}}.,c_{I}\omega_{i_{1}}\circ\cdots 0\omega_{i_{\theta}}$
$\in S_{s}(A)$
$($ $\omega_{i_{\alpha}}\in A, C_{I}\in C)$ Chen $1\leq\forall l<s$ ,
$\sum_{I}c_{I}\omega_{i_{1}}\otimes\cdots\otimes\omega_{i_{l}}\wedge\omega_{i_{l+1}}\otimes\cdots\otimes\omega_{i_{s}}=0$ (13)
.
$\mathcal{B}$ Chen (13) $S(A)$ . $\mathcal{B}$
$S(A)$ $\mathcal{B}=\oplus_{s=0}^{\infty}\mathcal{B}_{s}$ , $\mathcal{B}_{0}=$ Cl .
$\mathcal{B}_{1}=C\xi_{0}\oplus C\xi_{1}\oplus C\eta_{0}\oplus C\eta_{0}\oplus C\zeta$ , $\mathcal{B}_{s}$
.
3. (i) $\mathcal{B}_{2}$ 19 .
$\mathcal{B}_{2}=\bigoplus_{i_{\dagger}j=01},C\xi_{i}\circ\xi_{j}\oplus\bigoplus_{\}},C\eta_{i}\circ\eta_{j}\oplus\bigoplus_{i_{r}ij=01j=01},C(\xi_{i}\circ\eta_{j}+\eta_{j}\circ\xi_{i})$
$\oplus\bigoplus_{i=0,1}C(\xi_{i}0\zeta+\zeta 0\xi_{i})\oplus\bigoplus_{i=0,1}C(\eta_{i}\circ\zeta+\zeta 0\eta_{i})\oplus C\zeta\circ\zeta$
$\oplus C(\xi_{0}\circ\zeta+\eta_{0}0\zeta)\oplus C(\xi_{1}\circ\zeta+\eta_{1}0\xi_{1}-\eta_{1}0\zeta-\eta_{0}0\zeta)$. (14)
(ii) $s>2$ ,
$\mathcal{B}_{s}=\overline{\bigcap_{j=1}^{s1}}\mathcal{B}_{j}0\mathcal{B}_{s-j}=\overline{\bigcap_{j=0}^{s2}}\mathcal{B}_{1}0\cdots 0\mathcal{B}_{1}0\mathcal{B}_{2}\circ \mathcal{B}_{1}0\cdots\circ \mathcal{B}_{1}\tilde{j(E}\tilde{s-j-2\mathbb{B}}$. (15)
(iii) $\mathcal{B}$ $S(A)$ Hopf . , $\mathcal{U}$ ( ) Hopf
.
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Hopf $\mathcal{B}$ $A$ reduced bar .
$\sigma)$ $\mu$ ,
$\Omega=\xi_{0}X_{0}+\xi_{1}X_{1}+\eta_{0}Y_{0}+\eta_{1}Y_{1}+\zeta Z$ $\in \mathcal{B}_{1}\otimes \mathcal{U}_{1}(X)$
.





, 3(ii) , $i_{1}$ $\sum_{I’}$ Ci $1,I^{;\omega_{i_{2}}0\cdots 0\omega_{i_{S}}}\in \mathcal{B}_{s-1}$ .
$\int\varphi$
$\{\begin{array}{ll}\int_{(z_{0},w_{0})}^{()}z_{1},w11 =1 (\text{ }),\int_{(z0,wo)}^{(z_{1},w_{1})}\varphi =\int_{zw}^{(z_{1},w_{1})}\sum_{i_{1}}\omega_{i_{1}}(z’, w’)\int_{zw}^{(z’,w’)}\sum_{I’=\{i_{2},.i.\}}..,c_{i_{1},I’}\omega_{i_{2}}\circ\cdots\circ\omega_{i_{s}}\end{array}$ (16)
($\omega_{i_{1}}(z’,$ $w’)$ $\omega_{i_{1}}$ $z,$ $w$ $z’,$ $w’$ ). ,
$X-D$ .
4(Chcn ). $\varphi\in \mathcal{B}$ , $\int\varphi$
.
, 2 1 . $\varphi_{1},$ $\varphi_{2}\in \mathcal{B}$
$\int\varphi_{1}$ $\varphi_{2}=(\int\varphi_{1})(\int\varphi_{2})$
.
$S(A_{zw})(resp. S(A_{z}))$ $A_{zw}=\{\xi_{0}, \xi_{1}, \zeta\}(resp. A_{z}=\{\xi_{0}, \xi_{1}\})$ $S(A)$
. , $S(A_{wz}),$ $S(A_{w})(A_{wz}=$
$\{\eta_{0}, \eta_{1}, \zeta\},$ $A_{w}=\{\eta_{0}, \eta_{1}\})$ .
$\mathcal{U}(X)$
$\mathcal{B}$ Hopf , $\mathcal{U}$ (x) $=\mathcal{U}$ (lwz) $\otimes \mathcal{U}$ ( z)
. , $\mathcal{U}(X_{wz}),\mathcal{U}(\text{ _{}z})$ Lie ,




$\mathcal{B}\cong S(A_{wz})\otimes S(A_{z})\cong S(A_{zw})\otimes S(A_{w})$ (17)
.
$\iota_{\lrcorner}$ : $\mathcal{B}arrow S(A_{wz})\otimes S(A_{z})$
. $\varphi=\sum_{I}c_{I}\omega_{i_{1}}\circ\cdots\circ\omega_{i_{r}}\in \mathcal{B}$ ,
$\iota_{\lrcorner}(\varphi)=\sum_{I=(i_{1},\ldots,i_{r})\in(\varphi)_{\lrcorner}}c_{I}\omega_{i_{1}}\circ\cdots 0\omega_{i_{p}}\otimes\omega_{i_{p+1}}0\cdots\circ\omega_{i_{r}}$
(18)
. , , $I=(i_{1}, \ldots, i_{r})\in(\varphi)_{\lrcorner}$ , $p$
$\omega_{i_{1}},$ $\ldots,\omega_{i_{p}}\in S(A_{wz}),$ $\omega_{i_{p+1}},$ $\ldots,\omega_{i_{r}}\in S(A_{z})$ .
$\varphi$ $\omega_{i_{1}}\circ\cdots\circ\omega_{i_{r}}$ $\eta_{0},$ $\eta_{1},$
$\zeta$ $\xi_{0},$ $\xi_{1}$
$\iota_{\lrcorner}$ . , $\iota_{\ulcorner}$ : $\mathcal{B}arrow S(A_{zw})\otimes S(A_{w})$
.
5 , $\iota_{\lrcorner},$ $\iota_{\ulcorner}$ .
, , .
6. $\iota_{\lrcorner}$ : $\mathcal{B}arrow S(A_{wz})\otimes S(A_{z}),$ $\iota_{\ulcorner}$ : $\mathcal{B}arrow S(A_{zw})\otimes S(A_{w})$ .
$0<|z|,$ $|w|<1$ , 2 $C_{\lrcorner},$ $c_{\ulcorner}$ : $(0,0)arrow(z, w)$ .
.
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7. $\varphi\in \mathcal{B}$ ,
$\int\varphi=\int_{C_{\lrcorner}}\varphi=\int_{C_{\lrcorner}}b_{\lrcorner}(\varphi)$ (19)





. $\Omega_{0},$ $\Omega’,$ $\Omega_{z},$ $\Omega_{zw}$ , $\Omega_{w},$ $\Omega_{wz}$
$\Omega_{0}=\xi_{0}X_{0}+\eta_{0}Y_{0}$ , $\Omega’=\Omega-\Omega_{0}=\xi_{1}X_{1}+\eta_{1}Y_{1}+\zeta Z$, (20)
$\Omega_{zw}=\xi_{0}X_{0}+\xi_{1}X_{1}+(_{z}Z,$ $\Omega_{z}=\Omega_{zw}|_{w=0}=\xi_{0}X_{0}+\xi_{1}X_{1}$ , (21)
$\Omega_{wz}=\eta_{0}Y_{0}+\eta_{1}Y_{1}+\zeta_{w}Z$, $\Omega_{w}=\Omega_{wz}|_{z=0}=\eta_{0}Y_{0}+\eta_{1}Y_{1}$ (22)
. ,
$\zeta_{z}=\frac{wdz}{1-zw}$ , $\zeta_{w}=\frac{zdw}{1-zw}$ (23)
. $\zeta=\zeta_{z}+\zeta_{w}$ .
2 KZ (11) $\mathcal{L}(z, w)$ ,
$\mathcal{L}(z, w)=\hat{\mathcal{L}}(z, w)z^{X_{0}}w^{Y_{0}}$ $\hat{\mathcal{L}}(z, w)$ $(z, w)=(O, 0)$ , $\hat{\mathcal{L}}(0,0)=I$ , (24)
$\hat{\mathcal{L}}(z, w)=\sum_{s=0}^{\infty}\hat{\mathcal{L}}_{s}(z, w)$ $\hat{\mathcal{L}}_{s}(z, w)$ : $D$ $\mathcal{U}_{s}$
$\hat{\mathcal{L}}_{0}(z,$ $w)=1,\hat{\mathcal{L}}_{s}(0,0)=0(s>0)$ (25)
. $[X_{0}, Y_{0}]=[X_{0},$ $Y_{1}]=[X_{1},$ $Y_{0}]=0$
, $\hat{\mathcal{L}}(z, w)$ .
$d\hat{\mathcal{L}}(z,w)=\Omega\hat{\mathcal{L}}(z,w)-\hat{\mathcal{L}}(z, w)\Omega_{0}(=[\Omega_{0},\hat{\mathcal{L}}(z, w)]+\Omega’\hat{\mathcal{L}}(z, w))$ . (26)
$s$
$\forall s$ $d\hat{\mathcal{L}}_{s+1}(z, w)=[\Omega_{0},\hat{\mathcal{L}}_{s}(z, w)]+\Omega’\hat{\mathcal{L}}_{s}(z, w)$ (27)
34
. $\hat{\mathcal{L}}$ (26) ,
. $\hat{\mathcal{L}}_{0}(z, w)=I$ (27) $\hat{\mathcal{L}}_{s}(z, w)$ ,
$s$
$\hat{\mathcal{L}}_{s}(z, w)$ $(z, w)=(O, 0)$ ,
.
8(2 KZ ). (i) 2 KZ
(11) $\mathcal{L}(z, w)=\hat{\mathcal{L}}(z, w)z^{X_{0}}w^{Y_{0}}$ ,
$\hat{\mathcal{L}}(z, w)=\sum_{s=0}^{\infty}\hat{\mathcal{L}}_{s}(z, w)$ ,
$\hat{\mathcal{L}}_{s}(z, w)=\int_{(0,0)}^{(z,w)}(ad(\Omega_{0})+\mu(\Omega’))^{s}(1\otimes 1)$ (28)
. , $\varphi\otimes F\in$ $\mathcal{B}\otimes \mathcal{U}$ ( ), $\omega\otimes X\in \mathcal{B}_{1}\otimes X$ ad $(\omega\otimes$
$X)(\varphi\otimes F)=(\omega\circ\varphi)\otimes[X, F],$ $\mu(\omega\otimes X)(\varphi\otimes F)=(\omega\circ\varphi)\otimes XF$ .




. 4 1 KZ .
(i) $z$ 1 KZ
$d_{z}G(z)=\Omega_{z}G(z)$ . (29)
, $d_{z}$ $z$ . $\mathcal{L}_{z}(z)=$
$\hat{\mathcal{L}}_{z}(z)z^{X_{0}},\hat{\mathcal{L}}_{z}(0)=$ I .
(ii) $z$ $0,1,$ $\frac{1}{w},$ $\infty$ 1 KZ
$d_{z}G(z)=\Omega_{zw}G(z)$ . (30)
$\mathcal{L}_{zw}(z, w)=\hat{\mathcal{L}}_{zw}(z, w)z^{X_{0}},\hat{\mathcal{L}}_{zw}(0_{J}w)=I$ .




(iv) $w$ $0,1,$ $\frac{1}{z},$ $\infty$ 1 KZ
$d_{w}G(w)=\Omega_{wz}G(w)$ . (32)
$\mathcal{L}_{wz}(z, w)=\hat{\mathcal{L}}_{wz}(z, w)w^{Y_{0}},\hat{\mathcal{L}}_{wz}(z, 0)=I$ .
$\mathcal{L}_{*}$ . ,
$\hat{\mathcal{L}}_{*}$
$\hat{\mathcal{L}}_{*}=\sum_{s=0}^{\infty}\hat{\mathcal{L}}_{*,s}$ , $\hat{\mathcal{L}}_{*,0}=I$ , $\hat{\mathcal{L}}_{z,s}(0)=\hat{\mathcal{L}}_{w_{r}s}(0)=0)$
$\hat{\mathcal{L}}_{zw,s}(0, w)=\hat{\mathcal{L}}_{wz,s}(z, 0)=0(s>0)$ .
9( ). , 2 KZ (3)
$\mathcal{L}(z, w)$
$\mathcal{L}(z, w)=\hat{\mathcal{L}}(z, w)z^{X_{0}}w^{Y_{0}}=\hat{\mathcal{L}}_{wz}(z, w)\hat{\mathcal{L}}_{z}(x)z^{X_{0}}w^{Y_{0}}=\mathcal{L}_{wz}(z, w)\mathcal{L}_{z}(z)$ (33)
$=\hat{\mathcal{L}}_{zw}(z, w)\hat{\mathcal{L}}_{w}(w)z^{X_{0}}w^{Y_{0}}=\mathcal{L}_{zw}(z, w)\mathcal{L}_{w}(w)$ (34)
1 ( ) KZ .




10. $c_{\lrcorner}(c_{\ulcorner})$ , $\hat{\mathcal{L}}_{s}(z, w)$
$\hat{\mathcal{L}}_{s}(z, w)=\sum_{s’+s’’=s}\sum_{W’\in W_{s}^{0},(X_{wz})}\sum_{W’’\in w_{*}^{0,},(X_{z})}\int_{C_{wz}C_{z}}\theta(W’)\int\theta(W’’)\alpha(W’)\alpha(W’’)(I)$ (35)
$= \sum_{s’+s’’=s}\sum_{W’\in \mathcal{W}_{s}^{0},(X_{zw})}\sum_{W’’\in \mathcal{W}_{\epsilon’}^{0},(X_{w})}I_{c_{zw}c_{w}}^{\theta(W’)\int\theta(W’’)\alpha(W’)\alpha(W’’)(I)}$ (36)
. $\alpha$ : $\mathcal{U}$ ( ) $arrow$ End($\mathcal{U}$ (X))
$\alpha$ : $(X_{0}, X_{1}, Y_{0}, Y_{1}, Z)\mapsto(ad(X_{0}), \mu(X_{1}), ad(Y_{0}), \mu(Y_{1}), \mu(Z))$
, $\theta(W)$ .
$\theta(X_{0})=\xi_{0},$ $\theta(X_{1})=\xi_{1},$ $\theta(Y_{0})=\eta_{0},$ $\theta(Y_{1})=\eta_{1},$ $\theta(Z)=($ .
, $\mathcal{U}(X)$ , $\{\alpha(W’W’’)(I)|W’\in \mathcal{W}^{0}(\text{ _{}wz}), W’’\in \mathcal{W}^{0}(X_{z})\}$ ,
$\{\alpha(W’W’’)(I)|W’\in \mathcal{W}^{0}(\text{ _{}zw}), W’’\in \mathcal{W}^{0}(X_{w})\}$ $\mathcal{U}(X)$
. , $W’\in \mathcal{W}^{0}(X_{wz}),$ $W”\in \mathcal{W}^{0}(X_{z})$ , 8
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$\hat{\mathcal{L}}(z, w)$ $\alpha(W’)\alpha(W’’)(I)$ $\varphi_{W’,W’’}\in \mathcal{B}$
$\int\varphi_{W’,W’’}$ , $\varphi_{W’,W’’}$
$\iota_{\lrcorner}(\varphi_{W’,W’’})=\theta(W’)\otimes\theta(W’)$
. $W’\in \mathcal{W}^{0}(X_{zw}),$ $W”\in \mathcal{W}^{0}(X_{w})$
$\iota_{\ulcorner}(\varphi_{W’,W’’})=\theta(W’)\otimes\theta(W’)$
( C , $C_{z}$ $\zeta$ $\zeta_{w},$ $\zeta_{z}$ ). , $\varphi_{W’,W’’}$
, $\mathcal{U}(\mathfrak{T})$ (5)
.
$l/V=X_{0}^{k_{1}-1}X_{1}\cdots X_{0}^{k_{r}-1}X_{1}\in \mathcal{W}_{s}^{0}(\text{ _{}z})$
$\int_{C_{z}}\theta(W)=\int_{0}^{z}\xi_{0}^{k_{1}-1}\circ\xi_{1}\circ\cdots 0\xi_{0}^{k_{r}-1}\circ\xi_{1}=Li_{k_{1},\ldots,k_{r}}(z)$ (1 ) (37)
. , $W=Y_{0}^{k_{1}-1}\Xi_{1}\cdots Y_{0}^{k_{r}-1}$ r $\in \mathcal{W}_{s}^{0}(X_{WZ})$ $\Xi_{i}=Y_{1}$ or $Z$
$\int_{0}^{w}\theta(W)=\int_{0}w_{k_{1}k_{1}k_{r}}\eta_{0}-1\circ\omega_{1}\circ\cdots 0\eta_{0}^{k_{r}-1}\circ\omega_{r}=L(\alpha_{1}\cdots\alpha_{r};w)$ ( )
$=n_{1}>n> \cdots>n_{r}>0\sum_{2}\frac{\alpha_{i_{1}}^{n_{1}-n_{2}}\alpha_{i\circ}^{n_{2}-n_{3}}\cdots\alpha_{i_{r}}^{n_{r}}}{n_{1}^{k_{1}}\cdots n_{r^{r}}^{k}}w^{\mathcal{T}l1}$,





$\alpha_{r}=z$ , $w$ 2
$Li_{k_{1},\ldots,k_{r}}(i, r-i;w, z):=L(1\cdot:1z\cdot z;w)$ . (38)
. $Li_{k\text{ },\ldots,k_{r}}(r, 0;w, z)=Li_{k_{1},\ldots,k_{r}}(w),$ $Li_{k_{1},\ldots,k_{r}}(0, r;w, z)=Li_{k\text{ },\ldots,k_{r}}(zw)$ .
$L(\alpha_{i_{1}}\cdots\alpha_{i_{r}};z)$ $(z, w)$ 2 , $\{(z, w)\in P^{1}\cross$
$P^{1}||z|<1,$ $|w|<1\}$ , $(z, w)=(O, 1)$ . , $\hat{\mathcal{L}}_{z}(z, w)$
$z$ $w$ $w=0$ $w=1$
.
2 $z$ , $w$ 2
. ,
37
$\frac{\partial}{\partial z}Li_{k_{1},\ldots,k_{i+j}}(i,j;z, w)=\{\begin{array}{ll}\frac{w}{1-zw}Li_{k_{2,)}k_{g}}(0,j-1;z, w) (i=0, k_{1}=1),\frac{1}{1-z}Li_{k_{2},\ldots,k_{i+j}}(i-1,j;z, w) (i>0, k_{1}=1),\frac{1}{z}Li_{k_{1}-1,k_{2},\ldots,k}:+l(i,j;z, w) (k_{1}>1).\end{array}$ (39)





$\hat{\mathcal{L}}_{2}(z,$ $w)$ $($ $\frac{dw}{1-w}$ $\alpha(Y_{0}Y_{1})(I)+\int$ $0 \frac{zdw}{1-zw}$ $\alpha(Y_{0}Z)(I)$
$+I_{0}^{w} \frac{dw}{1-w}O\frac{dw}{1-w}$ $\alpha(Y_{1}Y_{1})(I)+I_{0}^{w}\frac{dw}{1-w}O\frac{zdw}{1-zw}$ $\alpha(Y_{1}Z)(I)$
$+ \int_{0}^{w}\frac{zdw}{1-zw}0\frac{dw}{1-w}$ $\alpha(ZY_{1})(I)+\int_{0}^{w}\frac{zdw}{1-zw}O\frac{zdw}{1-zw}$ $\alpha(ZZ)(I)$
$+ \int_{0}^{w}\frac{dw}{1-w}\int_{0}^{Z}\frac{dz}{1-z}\alpha(Y_{1}X_{1})(I)+\int_{0}^{w}\frac{zdw}{1-zw}\int_{0}^{Z}\frac{dz}{1-z}$ $\alpha(ZX_{1})(I)$
$+ \int_{0}^{Z}\frac{dz}{z}O\frac{dz}{1-z}$ $\alpha(X_{0}X_{1})(I)+\int_{0}^{Z}\frac{dz}{1-z}O\frac{dz}{1-z}$ a$(X_{1}X_{1})(I)$
$=Li_{2}(w)[Y_{0}, Y_{1}]+Li_{2}(zw)[Y_{0}, Z]+$ Lil,1 $(w)Y_{1}^{2}$
$+$ Lil,1 $($ 1, 1; $w,$ $z)Y_{1}Z+L(z1;w)ZY_{1}+$ Lil,1 $(zw)Z^{2}$
$+Li_{1}(w)$ Lil $(z)Y_{1}X_{1}+$ Lil $(zw)Li_{1}(z)ZX_{1}+Li_{2}(z)[X_{0}, X_{1}]+Li_{1,1}(z)X_{1}^{2}$ .
. , $c_{\ulcorner}$ $z$ $w,$ $(X_{0},X_{1})$ $(Y_{0}, Y_{1})$
, (5) $Y_{0},$ $Y_{1},$ $Z$ $X_{0},$ $X_{1}$
38
, .
$\hat{\mathcal{L}}_{2}(z, w)=$ Li2 $(w)[Y_{0}, Y_{1}]+Li_{2}(zw)[Y_{0}, Z]+$ Lil,1 $(w)Y_{1}^{2}$
$+$ $(-$ Li2 $(zw)-$ Lil,1 $($ 1, 1; $z,$ $w)+$ Lil $(z)$ Lil $(w))Y_{1}Z$
$+$ $(Li_{2}(zw)+Li_{1,1}(1,1;z, w)-Li_{1}(z)$ Lil $(w)+$ Lil $(zw)$ Lil $(w))ZY_{1}$
$+$ Lil,1 $(zw)Z^{2}+$ Lil $(z)$ Lil $(w)Y_{1}X_{1}+($ Lil,1 $($ 1, 1; $z,$ $w)+L(w1;z))ZX_{1}$
$+$ Li2 $(z)[X_{0}, X_{1}]+$ Lil,1 $(z)X_{1}^{2}$ .
,
.
$\bullet$ $Y_{1}Z$ : Lii $(z)$ Lil $(w)=$ Li$1_{2}1(1,1;w, z)+Li_{2}(zw)+Li_{1,1}(1,1;z, w)$ .
( )
$\bullet$ $ZX_{1}$ : $L(w1;z)=$ Lii $(zw)Li_{1}(z)-Li_{1,1}(1,1;z, w)$ .
( 2 )
, $ZY_{1}$ , 2 $z,$ $w$ .
6 2 KZ
, 2 KZ 1
. 2 KZ $(z, w)=(0,0)$
$\mathcal{L}^{(0,0)}(z, w)=\mathcal{L}(z, w),$ $(1,0)$ $\mathcal{L}^{(1,0)}(z, w)=$
$\hat{\mathcal{L}}^{(1,0)}(z, w)(1-z)^{-X_{1}}w^{Y_{0}},\hat{\mathcal{L}}^{(1,0)}(z, w)$ $($ 1, $0)$ , $\hat{\mathcal{L}}^{(1,0)}(1,0)=I$ .
$\mathcal{L}^{(00)}$) $(z, w),$ $\mathcal{L}^{(1,0)}(z, w)$
$\mathcal{L}^{(0,0)}(z,w)=\mathcal{L}_{wz}^{(0,0)}(z, w)\mathcal{L}_{z}^{(0_{r}0)}(z)$ ,
$\mathcal{L}^{(1,0)}(z, w)=\mathcal{L}_{wz}^{(1,0)}(z, w)\mathcal{L}_{z}^{(1,0)}(z)$
. $\mathcal{L}_{z}^{(1,0)}(z)$ $d_{z}G=\Omega_{z}^{(0)}G$ $($ 1, $0)$








11. 2 KZ (11)
$\mathcal{L}^{(0,0)}(z, w)=\mathcal{L}^{(1,0)}(z, w)\Phi_{KZ}(X_{0}, X_{1})$ (41)
.









































Deligne- , Drinfel’d associator $\Phi_{KZ}$
.
2 KZ 5 ,
2 KZ . ,
$\Phi_{KZ}(X_{0}, X_{1})$ Hopf $\mathcal{U}$ ( )
, 1 KZ .
1 $Li_{k_{1},\ldots,k_{r}}(z)$ $Li_{l_{1},\ldots,l_{s}}(w)$ .
, $r=s=1$
Li$k_{1}(z)$ Li$\iota_{1}(w)=\sum_{m>0}\frac{z^{m}}{m^{k_{1}}}\sum_{n>0}\frac{w^{n}}{n^{l_{1}}}=(\sum_{m>n>0}+\sum_{m=n>0}+\sum_{n>m>0})\frac{z^{m}w^{n}}{m^{k_{1}}n^{l_{1}}}$
$=$ Li$k_{1},\iota_{1}(1,1;z, w)+$ Li$k_{1}+\iota_{1}(zw)+$ Li$l_{1},k_{1}(1,1;w, z)$
, 2 ( $z,$ $w$ ) .
$zw$ ,
. , index $*$
$k*\emptyset=\emptyset*k=k$ ,
$(k_{1}, \ldots, k_{r})*(l_{1}, \ldots, l_{s})=(k_{1})\cdot((k_{2}, ..., k_{r})*(l_{1}, \ldots, l_{s}))$
$+(l_{1})\cdot((k_{1}, \ldots, k_{r})*(l_{2}, ..., l_{s}))$
$+(k_{1}+l_{1})\cdot((k_{2}, \ldots, k_{r})*(l_{2}, \ldots 7l_{s}))$
41
(. , $\emptyset$ index) ,
$\zeta(k_{1}, \ldots, k_{r})\zeta(l_{1}, \ldots, l_{s})=\zeta((k_{1}, \ldots, k_{r})*(l_{1}, \ldots, l_{s}))$ ,




$\ovalbox{\tt\small REJECT}\llcorner$l e zi ) $)$
.




$\hat{\mathcal{L}}_{wz}(z, w)\hat{\mathcal{L}}_{z}(z)=\hat{\mathcal{L}}_{zw}(z, w)\hat{\mathcal{L}}_{w}(w)$ (43)
$\mathcal{U}(X)$ .
10 , $\hat{\mathcal{L}}(z, w)$ $s$
$\hat{\mathcal{L}}_{s}(z, w)=$ $\sum$
$s’+s”=s \sum_{\nu V’\in W_{\epsilon}^{0},(X_{wz})}\sum_{tV’’\in w_{s}^{0,},(X_{z})}f_{W’,W’’}(z, w)\alpha(W’W’’)(I)$
$=$ $\sum$
$s’+s”=s \sum_{W’\in \mathcal{W}_{s}^{0},(X_{zw})}\mathcal{W}’\in \mathcal{W}_{s’}^{0},(X_{w})\sum_{\prime\prime}g_{IV’,W’’}(z, w)\alpha(W’W’’)(I)$
. Lie , (43)
$\alpha(W’W’’)(I)$ . ,
$\mathcal{U}(X)$ (5) $\mathcal{W}^{0}(\text{ _{}zw})\mathcal{W}^{0}(-\mathfrak{T}_{w})$ $\mathcal{W}^{0}(-\mathfrak{T}_{wz})\mathcal{W}^{0}(X_{z})$
$\hat{\mathcal{L}}_{s}(z, w)=$ $\sum$
$s’+s”=s \sum_{W’\in \mathcal{W}_{s}^{0},(X_{wz})}\sum_{W’’\in \mathcal{W}_{s’’}^{0}(X_{z})}\hat{g}_{W’,W’’}(z, w)\alpha(W’W’’)(I)$
( $\hat{g}_{W’,W’’}(z,$ $w)$ $g$ ) ,
$f_{W’,W’’}(z, w)=\hat{g}_{W’,W’’}(z, w)$ . $\alpha(W’)\alpha(W’’)(I)$
, $\varphi w^{l},w\prime\prime\in \mathcal{B}$ ,








, $f_{W’,W’’}(z, w)$ 2 , 2
, $\varphi_{W’W’’}$
. .
13. $W\in \mathcal{W}^{0}(X_{wz}),$ $W”\in \mathcal{W}^{0}(X_{z})$ . $f_{W’W’’}(z, w)$ 2
,
$f_{W’W’’}(z, w)= \int_{C_{\lrcorner}}df_{W’W’’}(z, w)=\int_{w=0}^{w}\theta_{\lrcorner}(W’)\int_{z=0}^{z}\theta_{\lrcorner}(W’’)$
$f_{W’W’’}(z, w)= \int_{c_{r}}df_{W’W’’}(z, w)$ (45)
.




$f_{Y_{0}^{k_{1}-1}Y_{1}\cdots Y_{0}^{k_{i}-1}Y_{1}Y_{0}^{k_{i+1}-1}Z\cdots Y_{0}^{k_{i+j}-1}Z,I}(z, w)=Li_{k_{1},\ldots,k_{\mathfrak{i}+j}}(i,j;w, z)$
, $C_{\lrcorner}$ $w$ 2
. .
14. 4 ( ).
(i) 13 (45).
(ii) $Li_{k_{1},\ldots,k_{i+j}}(i,j;w, z)=\int_{0}^{z}\frac{\partial}{\partial z}Li_{k_{1},\ldots,k_{i+j}}(i,j;w, z)dz$.
43










$\int\varphi_{W’,W’’}$ $\varphi_{W’,W’’}\in \mathcal{B}$ $f_{W’,W’’}(z, w)$ $C_{\lrcorner}$
$\theta(W’)\otimes\theta(\nu v^{ll})$ $\iota_{\lrcorner}^{-1}:S(A_{wz})\otimes S(A_{z})arrow \mathcal{B}$
.
$\rangle$
$f_{ZY_{1}Z,I}(z, w)=L(z1^{1}z;w)$ . $C_{\lrcorner}$
$\int_{0}^{w}(_{w}\circ\eta_{1}\circ\zeta_{w}$ . , $b_{\lrcorner}(\varphi_{ZY_{1}Z_{7}I})=\zeta\circ\eta_{1}\circ\zeta\otimes 1$ $\varphi zY_{1}Z,I\in \mathcal{B}$
.
$\varphi_{ZY_{1}Z}$,I $=\eta_{1}O\zeta 0\zeta+\zeta 0\eta_{1}O\zeta+\zeta 0\zeta 0\eta_{1}-(\eta_{1}O\zeta+\xi_{1}0\eta_{1}-\xi_{1}0\zeta-\xi_{0}0\zeta)0\zeta$
$-\xi_{1}o(\xi_{1}0\eta_{1}-\xi_{1}0\zeta-\xi_{0}0\zeta)-\zeta o(\zeta 0\eta_{1}-\xi_{1}0\eta_{1}+\xi_{1}0\zeta+\xi_{0}o()$






, 2 KZ 2
.
44
$k$ $x$ , .
$f\vec{(}z,$ $w)={}^{t}(Li_{0_{1}0}(z, w),$ $Li_{0_{2}1}(z, w),$ $\cdots,$ $Li_{0,k}(z, w),$ $Li_{1,0}(z, w),$ $\cdots,$ $Li_{1,k}(z, w)$ ,
$Li_{k_{i}0}(z, w),$ $\cdots,$ $Li_{k_{2}k}(z, w))$ .
, 2 2 $Li_{i_{\dagger}j}(z, w)$
$Li_{00,)}(z, w)=1$ , $Li_{0)j}(z, w)=Li_{j}(0,1;z, w)(=Li_{j}(zw))$ ,
$Li_{i_{r}0}(z, w)=Li_{i}(1,0;z, w)(=Li_{i}(z))$ , $Li_{i_{1}j}(z, w)=Li_{i_{1}j}(1,1;z, w)$
$z$ 2 .
$f^{-}(z, w)$ , 2 (39),(40) $i\dashv- j\leq 2$
index 2 KZ .
$\frac{\partial}{\partial z}G=(\frac{\rho(X_{0})}{z}+\frac{\rho(X_{1})}{1-z}+\frac{w\rho(Z)}{1-zw}I^{G},$ $\frac{\partial}{\partial w}G$ $=( \frac{\rho(Y_{0})}{w}+\frac{\rho(Y_{1})}{1-w}+\frac{z\rho(Z)}{1-zw})G$ .
, $\rho$ Lie $(k+1)^{2}$ ,
$\rho(X_{0})=P\otimes I+E_{0_{1}0}\otimes P$, $\rho(X_{1})=E_{1,0}\otimes I$ ,
$\rho(Y_{0})=I\otimes P-\sum_{i=1}^{k}E_{i,0}\otimes E_{1,i}$ , $\rho(Y_{1})=I\otimes E_{1,0}-\sum_{i=0}^{k}E_{i,0}\otimes E_{1,i}$ ,
$\rho(Z)=E_{0_{1}0}\otimes E_{1,0}$
. , $I$ $k+1$ , $E_{ij}$ $k+1$ $(i, j)$ ( $0$
),
$P= \sum_{i=1}^{k-1}E_{i+1,i}$
. (5) ( well-defined













$Q_{i,s-i}$ ( 2 )
$Li_{i}(Z)Li_{j}(w)))$
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